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We investigate the threshold of χ(2) frequency comb generation in lithium niobate whispering gallery microresonators
theoretically and experimentally. When generating a frequency comb via second-harmonic generation, the thresh-
old for the onset of cascaded second-order processes leading to a comb is found to be approximately 85 µW. The
second-harmonic generation efficiency up to this value is in excellent agreement with a previously known theoretical
framework. This framework is extended here, showing that the onset of cascaded χ(2) processes and the maximum of
the second-harmonic generation efficiency coincide. Furthermore, we observe that the frequency distance between the
comb lines is a function of the pump power. It changes from 4 free spectral ranges at the oscillation threshold to 1 free
spectral range at 590 µW.
I. INTRODUCTION
Optical frequency combs have attracted considerable in-
terest in recent years owing to their benefit for applications
ranging from precision spectroscopy in fundamental science,1
ultrafast ranging,2 Tbit/s telecommunication systems,2 and
dual-comb broadband molecular spectoscopy3 all the way to
quantum signal and information processing.4 Frequency comb
generation in microresonators was first realized in 2007,5
thereby reducing the footprint of such devices by orders of
magnitude and making them even more appealing for applica-
tions. This first demonstration made use of the third-order χ(3)
nonlinear response, the so-called Kerr nonlinearities. This
way of generating frequency combs in microresonators has
thus been in the center of interest in recent years.2,6–10 Here,
the first comb lines are generated around the pump frequency
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FIG. 1. Different starting processes for frequency comb generation.
a) Using third-order χ(3) nonlinearities, comb lines are generated
around the pump frequency νp. In b), νp drives a χ(2) optical para-
metric oscillation (OPO) process, resulting in signal (s) and idler (i)
light around half the frequency. Subsequent χ(2) nonlinear-optical
processes such as second-harmonic and sum-frequency generation
lead to the build-up of combs around both frequencies. In c), the
initial step for comb generation is second-harmonic generation (sh).
When the power of the second-harmonic light overcomes the thresh-
old for OPO, a cascade of χ(2) processes leads to the build-up of
combs around both frequencies.
a)Electronic mail: optsys@ipm.fraunhofer.de.
νp [Fig. 1a)] when the pump power threshold for χ(3) hyper-
parametric oscillation is overcome. When the power is raised
further, subsequent four-wave mixing processes generate fur-
ther comb lines, eventually building up a frequency comb.
There are, however, alternative ways of generating frequency
combs in microresonators, based on cascaded χ(2) nonlinear-
optical processes. Since they are making use of the generally
stronger χ(2) nonlinearities, they potentially offer lower pump
power thresholds and more flexibility regarding the pump fre-
quency: in contrast with Kerr combs, that have to be pumped
close to the zero-dispersion point, χ(2) combs do not have
such a limitation.11 Furthermore, because of the cascaded
build-up of the χ(2) processes involved, two combs are gen-
erated intrinsically [Fig. 1b-c)]. Generally, however, there is a
large group velocity difference between the first- and second-
harmonics leading to a walk-off, which was shown to be
an important parameter for frequency comb generation.12,13
Also, phase-matching has to be assured for the χ(2) processes.
Sometimes, this can be achieved by employing different polar-
izations, i.e. birefringent phase-matching.14 Usually, however,
it requires the resonators to be radially poled.15,16
One approach is to start with χ(2) optical parametric oscil-
lation (OPO) as visualized in Fig. 1b). Subsequently, via
second-harmonic generation, difference frequency generation
and sum-frequency generation, combs are generated around
both the pump frequency and half its frequency. As these
processes are all thresholdless, the pump power threshold
for OPO can be considered the frequency comb generation
threshold. Such frequency combs were demonstrated experi-
mentally in large bow-tie cavities17–19 as well as very recently
in microring resonators.20
Obviously, one can also pump at the lower frequency: the
thresholdless second-harmonic generation is then followed by
(internal) OPO, for which a pump power threshold needs to be
overcome to generate the first comb lines [Fig. 1c)]. This ini-
tial step was demonstrated experimentally already over two
decades ago in a cm-sized monolithic resonator.21 Subse-
quently, when raising the power, combs build up analogously
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2to the previous case. This was demonstrated experimentally in
bow-tie cavities,11 in waveguide resonators,22 and, again very
recently, in whispering gallery microresonators23,24 at pump
powers as low as 2 mW.23 Although there is an analytical ex-
pression for the pump power threshold of internal OPO for
Gaussian beams circulating in monolithic resonators with a
few reflecting surfaces,21 such an expression is missing for
whispering gallery microresonators.
In this contribution, we investigate the threshold for internal
OPO, i.e. the frequency comb generation threshold in a whis-
pering gallery resonator. Firstly, we model the field ampli-
tudes of the interacting light fields in the cavity. This allows
us to determine a simple analytic expression for the oscillation
threshold. Then, we compare the oscillation thresholds for the
three different frequency comb generation schemes sketched
in Fig. 1. Finally, we experimentally determine the oscillation
threshold and compare the observation with the prediction by
our model.
II. THEORETICAL CONSIDERATIONS
To derive a formula for the pump power threshold for fre-
quency comb generation as visualized in Fig. 1c), we consider
pump light with a certain power to be coupled into a whis-
pering gallery microresonator. We assume phase-matching
for second-harmonic generation to be fulfilled and the pump
and second-harmonic light to be perfectly resonant. Further-
more, we only consider whispering gallery modes of one
transverse type for the pump, signal, and idler light. To de-
scribe the situation inside the resonator, we use analytical
expressions for the internal amplitudes bp,sh,s,i referring to
the pump, second-harmonic, signal, and idler light, respec-
tively [Fig. 2a)], with
∣∣bp,sh,s,i∣∣2 describing their intracavity
powers,25 inserting these expressions into a notation intro-
duced elsewhere.26
With the incoupled pump power being Pp,in, the second-
harmonic generation efficiency can be calculated as
ηsh =
Psh
Pp,in
= 4
rsh
1+ rsh
rp
1+ rp
X
(1+X)2
, (1)
where Psh is the outcoupled second-harmonic power [Fig. 2a)]
and rp,sh = κ2p,sh/αp,shL are the ratios between coupling and
internal loss for the pump and second-harmonic light respec-
tively, with αp,sh being the absorption coefficient of the mate-
rial the resonator is made of at the respective frequencies and
L the geometric circumference of said resonator. The normal-
ized intracavity pump power X can be expressed as25
X =
8ν2pd2L3FshFp
c30ε0n2pnshV
∣∣bp∣∣2 , (2)
where νp is the pump frequency, d is the nonlinear-optical
coefficient, Fp,sh are the finesses at the pump and second-
harmonic frequencies, respectively, np,sh are the respective re-
fractive indices of the resonator material, ε0 is the vacuum
permittivity, c0 is the vacuum speed of light, and V is the in-
teraction volume. It can furthermore be expressed using the
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FIG. 2. a) Schematic representation of the most important param-
eters needed for the theoretical description. Laser light with the
power Pp,in is prism-coupled into a resonator. Inside the resonator,
the pump light described by the complex internal amplitude bp gen-
erates second-harmonic light (bsh). If this second-harmonic light
overcomes the threshold for optical parametric oscillation (OPO),
signal (bs) and idler (bi) light is generated. The power of the out-
coupled second-harmonic light Psh can be measured to yield the
second-harmonic generation efficiency ηsh, which is displayed in b).
Here, one can see that this efficiency increases with increasing in-
coupled pump power Pp,in until it reaches a maximum of ηmaxsh at a
power Pmaxp,in , slowly decreasing afterwards.
relation26
X(1+X)2 =
rp
1+ rp
Pp,in
P0
(3)
with the characteristic power P0 being26
P0 =
piνpε0
8
n4pn
2
sh
d2
1
Q20pQ0sh
V (1+ rp)2(1+ rsh), (4)
where Q0p,0sh are the intrinsic quality factors. Knowing all
this, Eq. (3) can be evaluated for different incoupled pump
powers Pp,in to get X , which is then inserted into Eq. (1). This
yields the second-harmonic generation efficiency curve shown
in Fig. 2b), which has a maximum for X = 1, i.e. at a pump
power [Eq. (3)]
Pmaxp,in = 4P0
1+ rp
rp
. (5)
We will now determine the incoupled pump power PiOPOth
needed to obtain a large enough internal second-harmonic
power |bsh|2 to overcome the pump threshold for internal
OPO. The power of the second-harmonic wave inside the res-
onator is25
|bsh|2 =
8ν2pd2L3F 2sh
c30ε0n2pnshV
∣∣bp∣∣4 . (6)
If we now insert Eq. (2) into Eq. (6), we obtain
|bsh|2 =
c30ε0n
2
pnshV
8ν2pd2L3F 2p
X2. (7)
Let us now turn to optical parametric oscillation. With our
second-harmonic light acting as pump, for the internal ampli-
tude of the generated signal light we find25
bs =
8νsνid2L3FsFi
c30ε0nsninshV
|bsh|2 bs, (8)
3where the indices s and i stand for signal and idler light,
respectively. As our comb generation relies on the ensu-
ing signal and idler light to be nearly degenerate, we have
νs ≈ νi ≈ νp [Fig. 1c)],Fs ≈Fi ≈Fp, and ns ≈ ni ≈ np. In-
serting all this information into Eq. (8) leads to
bs =
8ν2pd2L3F 2p
c30ε0n2pnshV
|bsh|2︸ ︷︷ ︸
T
bs. (9)
To get optical parametric oscillation, T = 1 needs to be ful-
filled. Thus,
|bsh|2th =
c30ε0n
2
pnshV
8ν2pd2L3F 2p
(10)
is the threshold for internally pumped OPO. By comparing
Eqs. (7) and (10) we can immediately see that this is fulfilled
when X = 1. We can thus conclude that the threshold for inter-
nally pumped optical parametric oscillation, i.e. for frequency
comb generation, coincides with a maximum in the second-
harmonic generation efficiency ηsh [Eq. (1)] and is thus given
by inserting Eq. (4) into Eq. (5):
PiOPOth = P
max
p,in =
piνpε0
2
n4pn
2
sh
d2
1
Q20pQ0sh
V
(1+ rp)3(1+ rsh)
rp
.
(11)
Now that we have derived the pump power threshold for SHG-
induced frequency comb generation, we can compare the
thresholds of the three comb generation mechanisms shown
in Fig. 1.
For frequency comb generation starting with OPO [Fig. 1b)],
the pump power threshold is26
POPOth =
piνpε0
16
n2pn
2
sn
2
i
d2
1
Q0pQ0sQ0i
V
(1+ rp)2(1+ rs)(1+ ri)
rp
,
(12)
while the first comb lines in Kerr combs [Fig. 1a)] are gener-
ated when the pump power threshold for χ(3) hyperparametric
oscillation of
PKerrth = 1.54
piνp
4c0
n2p
n2
1
Q20p
V
(1+ rp)3
rp
(13)
is overcome,27 see Appendix A. Here, n2 is the nonlinear re-
fractive index induced by the χ(3) nonlinearity. If we assume
np,sh,s,i = 2,V = 10−12 m3, Q0p,0sh,0s,0i = 107, and rp,sh,s,i = 1,
for a pump wavelength of νp = 300 THz and a nonlinear re-
fractive index of n2 = 10−19 m2/W, the pump threshold for
Kerr comb generation [Fig. 1a)] is PKerrth = 3.9 W [Eq. (13)].
To get frequency combs around this frequency and double the
frequency, assuming d = 10−12 m/V and νp = 600 THz, the
pump threshold for a χ(2)-comb starting with an OPO process
[Fig. 1b)] is POPOth = 1.1 mW according to Eq. (12), while the
same value for a comb starting with second-harmonic gen-
eration [Fig. 1c)], i.e. pumped at νp = 300 THz, is PiOPOth =
4.3 mW using Eq. (11). This furthermore underlines the po-
tential of χ(2) combs coming with very low pump power
thresholds; it should be noted, however, that highly optimized
Kerr combs, where the interaction volumeV was on the 1000-
µm3-scale and below, were already demonstrated with sub-
mW pump thresholds.27–29
III. EXPERIMENTAL METHODS
To validate the model introduced in the previous section,
we couple laser light into a whispering gallery resonator and
measure the generated second-harmonic power Psh as shown
in Fig. 2a) to determine the second-harmonic generation ef-
ficiency ηsh [Eq. (1)]. By changing the incoupled pump
power, we can thus determine an efficiency curve as shown
in Fig. 2b). Simultaneously, we monitor the generated spec-
trum around the pump frequency to observe the onset of inter-
nally pumped optical parametric oscillation, i.e. the frequency
comb generation threshold PiOPOth .
We carry out this experiment with the experimental setup
sketched in Fig. 3a). Its central part is a whispering gallery
resonator made of 5% MgO-doped z-cut congruent lithium
niobate (CLN) with a geometry as shown in Fig. 3b). To man-
ufacture such a resonator, we start with a 300-µm-thick CLN
wafer with chromium deposited on the +z-side. From this
wafer, we cut out a cylinder using a femtosecond laser source
emitting at 388 nm wavelength with 2 kHz repetition rate and
300 mW average output power. This cylinder is then glued
with its −z-side to a metal post for easier handling. Sub-
sequently, the same femtosecond laser source is employed
to give the resonator the desired geometry of a major radius
R = 1 mm and a minor radius r = 380 µm (Fig. 3b)). To
achieve an optical-grade surface quality, the resonator is even-
tually polished with a diamond slurry.
To couple light into this resonator, we employ a frequency-
tunable fiber-coupled continuous-wave laser source emitting
around 1064 nm wavelength (NKT Koheras Basik, 20 kHz
linewidth) passing an optical attenuator (Thorlabs V1000A)
allowing to set the power and a polarization controller to set
the polarization of the pump light. A gradient-index (GRIN)
lens focuses the light onto a rutile prism, which is in close
proximity to the whispering gallery resonator rim; this way,
light can be coupled into the resonator. Firstly, we character-
ize the microresonator at very low pump powers in order to
avoid thermal and nonlinear-optical effects on the linewidth.
This way, we can determine the quality factor and the coupling
efficiency. In the following, we set the distance between prism
and resonator rim such that we are in slight undercoupling,
i.e. rp < 1 as from our model we expect the pump thresholds
to be lower here [Eq. (11)].
To fulfil the phase-matching condition for second-harmonic
generation, we heat the resonator to T ≈ 70 ◦C and use the
birefringence of CLN: the pump light is polarized in the x-y-
plane of the crystal, thus experiencing the ordinary (o-) re-
fractive index of CLN. This leads to the generation of ex-
traordinarily (e-) polarized second-harmonic light.14 The gen-
erated signal and idler light is again o-polarized; eventually,
the comb around the pump frequency is o-polarized, while
the one around the second-harmonic is e-polarized. The large
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FIG. 3. a) Sketch of the experimental setup. Light from a continuous-wave laser source is prism-coupled into a microresonator, which is
kept at temperatures T ≈ 70 ◦C to fulfil birefringent phase-matching for second-harmonic generation. Light around the pump frequency and
the second-harmonic frequency are spatially separated because of the large birefringence of the rutile prism we employ. The light around the
pump frequency passes a beam splitter: this way, we can monitor the transmission spectrum with a photodetector as well as the generated
spectra using an optical spectrum analyzer (OSA). The second-harmonic light is also focused on a photodetector so we can measure its power.
b) Side-view of the whispering gallery resonator with major radius R = 1 mm and minor radius r = 380 µm. c) In critical coupling, we can
determine the cavity resonance linewidth to be 3.2 MHz and the maximum coupling efficiency to be 20 %.
birefringence of the rutile prism automatically separates the
light around the pump and the second-harmonic frequencies
spatially.23 To fulfil the prerequisite of the interacting pump
and second-harmonic waves being perfectly resonant, we con-
nect the top electrode of the resonator and the metal post be-
low to a voltage source [Fig. 3b)]. Then, by applying a bias
voltage and tuning the laser to stay zero-detuned from the cav-
ity resonance, we can maximize the second-harmonic power,
thus making sure the pump and second-harmonic waves are
perfectly resonant.14 The outcoupled o-polarized light around
the pump frequency finally passes a beam splitter: part of it
hits a calibrated silicon photodetector so we can measure the
normalized transmission spectrum of the pump light as well as
the pump power, while a larger part enters an optical spectrum
analyzer (Yokogawa AQ6370D) so we can monitor the gener-
ated spectra around the pump frequency, thus allowing us to
determine the onset of OPO, i.e. the frequency comb gener-
ation threshold. The second-harmonic light is also directed
to a calibrated silicon photodetector, so we can measure the
second-harmonic power Psh.
IV. RESULTS AND DISCUSSION
We find the maximum coupling efficiency to be 20 % and
the intrinsic quality factor to be Q0p = 1.7× 108 [Fig. 3c)],
which is close to the absorption limit of CLN.30 As men-
tioned in the previous section, we then determine the second-
harmonic generation efficiency. A typical measurement show-
ing both the normalized transmission of the pump light as well
as the generated second-harmonic light is shown in Fig. 4. By
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FIG. 4. When scanning the pump laser over a cavity resonance (red),
second-harmonic light is generated (solid green curve). By applying
a bias voltage U to the resonator, the pump as well as cavity reso-
nances at the second-harmonic frequency are shifted relative to each
other. The green crosses mark the peak of the power of the second-
harmonic light for different applied voltages, with ∆U = 50 mV for
two adjacent measurements, while the circle stands for the maximum
achievable second-harmonic power. Using this approach, we can
maximize the second-harmonic power for each pump power Pp,in.
applying external bias voltages U of up to a few hundred mV,
we shift the frequency of the pump resonance as well as of the
second-harmonic resonance; by minimizing the detuning of
the two waves, we can maximize the second-harmonic power
Psh as previously explained. We repeat this process for a num-
ber of different incoupled pump powers Pp,in by using the op-
tical attenuator in our setup [Fig. 3a)]. The resulting second-
harmonic generation efficiency curve is visualized in Fig. 5a).
5As one can clearly see, ηsh grows with increasing pump power
until it reaches its maximum at Pp,in ≈ 85 µW. When look-
ing at the spectrum around the pump frequency, one can see
that while for Pp,in < 85 µW we only observe the pump field
[Fig. 5b)], the peak in second-harmonic generation efficiency
is accompanied by the onset of optical parametric oscilla-
tion [Fig. 5c)], just as predicted by the model above. We can
even already observe further equally spaced sidebands, which
comes as no surprise as the OPO threshold is the only one
that needs to be overcome for comb generation with the other
processes being thesholdless. Thus, PiOPOth = 85 µW can be
considered the pump threshold for frequency comb generation
in our system. To the best of our knowledge, this is the low-
est pump threshold reported for χ(2)-based frequency combs
so far. Analogously to previously published work, the comb
spacing locks to multiples of the free spectral range (FSR)
at the pump frequency, FSRp = 20.8 GHz, despite a large
FSR-offset between the pump and second-harmonic waves of
1.3 GHz,23 with the initial spacing being 4 FSRp. When fur-
ther raising the pump power, at Pp,in ≈ 330 µW, we can see the
generated comb lines being separated by 2 FSRp [Fig. 5d)], fi-
nally ending up with the desired 1 FSRp comb line spacing
at Pp,in ≈ 590 µW [Fig. 5e)]. This transition from 4 FSRp to
1 FSRp is yet unexplained and needs to be investigated fur-
ther.
As already stated, the OPO onset in our measurements co-
incides nicely with the maximum in second-harmonic gen-
eration efficiency, just as predicted by the model developed
above. In the following, we compare the experimental re-
sults with our prediction quantitatively. With our pump fre-
quency being νp = 281.749 THz, at temperatures T ≈ 70 ◦C
we can determine the bulk refractive indices of CLN to be
np = 2.2291, nsh = 2.2263;31 for a resonator of the size used
here this is a good approximation for the effective refractive
indices of the modes. The nonlinear-optical coefficient for
second-harmonic generation is d = 4.7 pm/V.32 Furthermore,
we determined Q0p = 1.7× 108: if we now employ Eq. (1)
on our measured second-harmonic generation efficiencies, we
find a very good match between the experimental data and
the model for Q0sh = 1.7× 107, rp = 0.5, rsh = 0.034, and
V = 280×10−12 m3. As we know from literature that for the
frequencies involved it is αsh ≈ 10αp,30, Q0sh = 0.1Q0p is a
reasonable assumption. As we carried out our measurements
in the undercoupling regime, rp < 1 matches well with our
expectations. Furthermore, rsh < 0.1rp has to be the case as
κsh < κp for the wavelengths involved and rp,sh = κ2p,sh/αp,shL
as mentioned in the introduction.26 Taking the size of our res-
onator into account, the interaction volume V can also be
considered reasonable. Thus, the model introduced above
describes our experimental data very well up until ηmaxsh at
PiOPOth = P
max
p,in . For higher pump powers Pp,in > P
iOPO
th , we
cannot be certain about the pump and second-harmonic waves
being perfectly resonant as the system is optimized to yield
the best-possible comb signals.
V. CONCLUSION
We demonstrate χ(2) frequency comb generation in a
lithium niobate whispering gallery microresonator at very low
pump power thresholds of 85 µW, observing the onset of in-
ternal optical parametric oscillation, i.e. the comb threshold,
to coincide with the maximum in the second-harmonic gener-
ation efficiency. Building on previously published modeling
of these processes,25,26 we show that this is not just a coin-
cidence, but a behavior that is also expected from a theoret-
ical point of view. With the newly found analytical formula
for the pump power threshold [Eq. 11], we can estimate that
the pump power threshold might potentially be lowered by
five orders of magnitude by reducing the interaction volume
to roughly 1000 µm3, a value that is achievable using chip-
integrated lithium niobate microresonators; thus far, however,
the achievable quality factors in such resonators are about an
order of magnitude lower than those of the hand-polished,
larger resonators we use,33 which affects the pump power
threshold as PiOPOth ∝ Q
−2
0p Q
−1
0sh [Eq. (11)]. Even with current
state of the art values, however, the pump power thresholds
should be in the sub-µW range already, making such chip-
integrated χ(2) frequency comb sources very appealing for ap-
plications.
While the frequency comb shown here relies on modula-
tion instabilities analogously to previous experiments,19,23 re-
cently, for the first time, solitonic behavior was observed in
a chip-integrated χ(2) comb on an aluminum nitride platform
at one of the two wavelengths involved.20 Several theoretical
studies argue that it is possible to generate solitonic combs
with the scheme shown in our paper if the phase-matching is
accompanied by a reduced or vanishing FSR-offset between
the pump and second-harmonic.13,34,35 Such matching FSRs
spectrally separated by an octave can be found in the present
sample: in that case, however, one needs to radially pole the
resonator, i.e. a quasi-phase-matching (QPM) structure needs
to be employed.26 The use of a QPM-structure would allow
for great flexibility regarding the choice of center wavelengths
and polarization of the generated frequency combs. Thus,
future work will focus on realizing solitonic χ(2) frequency
combs by introducing QPM-structures to our microresonators
and realizing χ(2) microcomb sources on a batch-compatible
chip-integrated platform.
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FIG. 5. a) The second-harmonic generation efficiency increases with increasing incoupled pump powers Pp,in until it reaches a maximum at
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even higher pump powers of 590 µW, finally, we start observing a frequency comb with only 1 FSRp between individual components; this is
visualized in e). For pump powers above the comb generation threshold, the theoretical curve is shown as a dashed line, as here the prerequisite
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Appendix A: Kerr comb threshold
The formula given in literature looks the following:27
PKerrth = 1.54
pi
4
n2p
λpn2
Qcp
Q3lp
V. (A1)
Here, λp = c0/νp is the pump wavelength and Qcp (Qlp) is the
coupled (loaded) quality factor. We can express the loaded
quality factor as
Q−1lp = Q
−1
0p +Q
−1
cp (A2)
with Q0p = 2pinp/(λpαp) and Qcp = 2pinpL/(λp |κ|2).25 With
the coupling parameter rp = |κ|2 /(αpL), we can thus express
the coupling quality factor as
Qcp =
2pinpL
λp |κ|2
= Q0p
1
rp
(A3)
and the loaded quality factor as
Qlp =
2pinpL
λp(αpL+ |κ|2)
= Q0p
1
1+ rp
. (A4)
Inserting Eqs. (A3,A4) into Eq. (A1), we thus end up with
PKerrth = 1.54
piνp
4c0
n2p
n2
1
Q20p
V
(1+ rp)3
rp
, (A5)
exactly as stated in Eq. (13).
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